Stability of stochastic differential equations driven by variants 

of stable processes 



Mohamed Erraoui 

Faculte des Sciences Semlalia, Departement de Mathematiques, 
Universite Cadi Ayyad, BP 2390, Marrakech, Maroc 
erraoui@ucam.ac.ma 

Jose Luis da Silva 

Centre of Exact Sciences and Engineering 
CCM, University of Madeira, 9000-390 Funchal, Portugal 
luis@uma.pt 

Abstract 

In this paper we investigate two variants of stable processes, namely tempered stable sub- 
ordinators and modified tempered stable process as well as their renormalization. We study 
the weak convergence in the Skorohod space and prove that they satisfy the uniform tightness 
condition. Finally, applications to the stability of SDEs driven by these processes are discussed. 

1 Introduction 

In the last decade, Levy processes have received a great deal of attention fuelled by numerous 
financial applications, see Cont and Tankov [7], for an introduction to some financial models driven 
by Levy processes. In this paper we study the stability of stochastic differential equations (SDEs) 
driven by one parameter family of Levy processes, namely two variants of stable processes. 

Firstly, we consider the classes of tempered stable subordinators X£ ss and modified tempered 
stable processes X^ TS with a G (0, 1/2) and prove the weak convergence, in the Skorohod space 
endowed with the Skorohod topology, of X^ ss (resp. X^f TS ) to the gamma process when a —> 
(resp. the normal inverse Gaussian process X NIG when a —> 1/2). The family {X^ ITS , a G (0, 1/2)} 
was considered in 2TJ] to develop the GARCH option price model. We want also to point out that 
the weak convergence of X^ ss to the gamma process was first established in [23] using other 
considerations. Indeed it is proved that the gamma process has been obtained as weak limit of 
renormalized stable processes. The family of the renormalized stable processes we identify as the 
family of tempered stable processes {X^ ss , a <E (0,1/2)}, see Remark 12.21 below. Moreover, we 
would like also to mention the work of Rydberg [5T] where an approximation of the NIG process, 
based on an appropriate discretization of the Levy measure, was discussed. In this paper, instead 
we use the modified tempered stable process as an approximation of the NIG process. 

The stability problem consists in investigating the conditions under which the solutions converge 
weakly. However, it is well known that the weak convergence is not sufficient to ensure the conver- 



gence of stochastic integral , see [TB] and references therein. Among the sufficient conditions we cite 
the uniform tightness (UT), introduced by Striker [24]. It should be noted that this condition has 
been used extensively to establish the results of stability of stochastic differential equations since its 
introduction, see for example [TO] , P2] , [14] , [16] and [17] . Thus we show that both driven families 
{X^ ss , X^ ITS , a £ (0, 1/2)} satisfy the (UT) condition. This allows us to establish the stability 
result of SDEs driven by these families. 

Secondly, it is proven in [2] that the standard Brownian motion {W(t), t £ [0, 1]} is obtained as a 
weak limit, in the Skorohod space equipped with the uniform metric, of a suitable renormalization of 
certain classes of Levy process which includes the family {X^ ITS , a £ (0, 1/2}. More precisely, the 
Brownian motion W can be approximated by an appropriate renormalization of the compensated 
sum of small jumps of a given Levy process, see Proposition 13.51 below. In the same spirit we 
mention the work [8] which completes, in some sense the previous one, where it is shown that the 
process {t, t £ [0, 1]} is a weak limit of a renormalized (in an appropriate sense) sum of small jumps 
of classes of subordinator. We note that the family {X^ ss , a £ (0, 1/2} is among those classes. 
These two results lead us to consider the stability problem of SDEs driven by these renormalized 
processes. The main tools we use to prove the stability result are the uniform tightness of the 
renormalized families and the stability of SDEs established in [T7] . 

2 Levy processes and infinite divisibility 

We start by recalling a few well-known facts about infinitely divisible distributions. We consider a 
class of Borel measures on M satisfying the following conditions: 



A({0}) = 0, (1) 
(s 2 Al)dA(s) < oo. (2) 

J — oc 

This class will be denoted by 9Jt. 

De Finetti [9] introduced the notion of an infinitely divisible distribution and showed that they 
have an intimate relationship with Levy processes. By the Levy-Kintchine formula, all infinitely 
divisible distributions Fa are described via their characteristic function: 

/+oo 
e tux dF A {x) = e*^ u \ u£R, 
-oo 

where the characteristic exponent <?a, is given as 

1 f + °° 

\Pa(u) = ibu - -cu 2 + / (e ms - 1 - ius l{| a |<i}(s)) dA(s), 
where ki,c>0. 

We assume as given a filtered probability space (fi, J 7 , P, {J : t)te[o,i]) satisfying the usual hy- 
pothesis. A Levy process X — {X(i),t £ [0, 1]} has the property 

E{e mX{t) ) = e**W, t £ [0, 1] , u£ M, 
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where ^(u) is the characteristic exponent of X(l) which has an infinitely divisible distribution. 
Thus, any infinitely divisible distribution Fa generates in a natural way a Levy process X by 
setting the law of X(l), £(X(1)) = F\. The three quantities (6, c, A) determine the law £(X(1)). 
Since the distribution of a Levy process X = {X(t),t € [0, 1]} is completely determined by the 
marginal distribution £(X(1)), and thus the process X itself completely. The measure A is called 
the Levy measure whereas (6, c, A) is called the Levy-Khintchine triplet. 

Let us now give some examples of Levy processes which will be used later on. We will present 
three classes related to the sample path properties. Namely subordinators, processes with paths of 
finite and infinite variations. 

2.1 Subordinators 

A subordinator is a one-dimensional increasing Levy process starting from 0. Subordinators form 
one of the simplest family of Levy processes. The law of a subordinator is specified by the Laplace 
transform of its one dimensional distributions. We assume throughout this paper that these pro- 
cesses have no drift. 

We consider a subclass in 9JI of measures supported on R+ satisfying the following 

A(0,oo) = oo, (3) 

i 

sdA(s) < oo. (4) 

Any Levy measure A satisfying conditions ((3|) and (j4|) generates a subordinator X, see for example 
(6) Theorem 1.2]. We can therefore give its Laplace transform 



^a(«) :=E(e-" x W) =exp (J (e~ su - 1) dA(s)\ , ue 



Remark 2.1. (i) When X is a subordinator, the Laplace transform of its marginal distributions 
is much more useful, for both theoretical and practical applications, than the characteristic 
function. 

(ii) The assumption (pj) implies that the process X has infinite activity, that is, almost all paths 
have infinitely many jumps along any time interval of finite length. Whereas the condition 
O) guarantees that almost all paths of X have finite variation. 

Examples 

1. Gamma process. Consider the Levy measure A 7 with density with respect to the Lebesgue 
measure defined by 

e~ s 

dA 7 (s) := — l {s>0} ds. 
Then the corresponding process is known as gamma process. A simple calculation shows that 

1 



V>A T (u) = — 
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E MT (e-^W) =eacp(-tlog(l + u))= t€[0,l]. 



and the Laplace transform of the corresponding process has the form 

1 

(1 + u) 

Here /x 7 denotes the law of X 7 (l). 

2. Stable subordinator (SS). Let a g (0, 1) be given and let Af s be the Levy measure given 
by 

dA " S(s) := T(i a -a)s^ 1{s>a}dS - 

Then we have 

ip A (u) = exp(-w Q ) , 

and 

E^ss (V uX ° S(t) ) = exp(-^ a ), ie [0,1]. 
Here /xf s denotes the law of Af s (l). 

3. Tempered stable subordinator (TSS). A tempered stable subordinator is obtained by 
taking a stable subordinator and multiplying the Levy measure by an exponential function, 
that is, an exponentially tempered version of the stable subordinator. More precisely, for 
a £ (0, 1), we consider the Levy measure 

dA T a ss (s) := ~e-^Af( S ) = ^^—^ ^l {s>0} ds. (5) 

Then we have 

ip^Tss (u) = exp 

V a 

and 

E.tss (e-^ SS ^) = exp + ),t£[0, 1]. 



Now let us give a concrete realization of a subordinator due to Tsilevich-Vershik-Yor [25 . We 
denote by 

D = {?/ = ^2ziS Xi , x % £ [0, 1], Zi £ R+, < oo J 

the real linear space of all finite real discrete measures in [0, 1]. We define the coordinate process 
{X(t),t£ [0,1]} on D by 

X{t) :D^R+, V ^ X(t)( V ) := V ([0, t}), t £ [0, 1] 

and JFt '■= a(X(s), s < t) denotes its own filtration. 

Let A be a Levy measure satisfying conditions (j3|) and (j4|) and fi\ be a probability measure on 
{D,J-i) with Laplace transform given by 

E MA ( exp (- f f(t) d V (t)) ) = exp ( [ log(V> A (/(t)) dt 
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Here / is an arbitrary non-negative bounded Borel function on [0,1]. In particular, when f(s) = 
ul[o f ](s), u > 0, t £ (0, 1] the Laplace transform of X(t) is given by 

E; lA (e-" X(t) ) = exp(tlog(V>A(u))) , t £ [0,1]. 

We call the pair (X, fj,\) a realization of a Levy process with Levy measure A which is a subordinator, 
cf. [351 Remark 2.1]. 

Now we would like to highlight the link between tempered stable and stable subordinators. 
First of all it follows from ([5J that the Levy measures A^ ss and Af s are equivalent. Then we 
obtain from [23j Theorem 33.1] that X^ s and X^ ss have equivalent laws with density given in 
[23"1 Theorem 33.2], see ((6]) below. We notice that the authors in [25J [26] constructed a family of 
measures, equivalent to a-stable laws with given densities which converges weakly to the gamma 
measure. This is the content of the following remark. 

Remark 2.2. Let X a be a process such that the law fj a := C(X a (l)) is equivalent to /if with 
density 

^BELf,,-) - exp(-q- 1 /°A(l)(? 7 )) _ i a -v- x(1)(lj) ( ) 

E Mgs (expC-a-i/^l)^))) ' W 

Then the law of the tempered stable subordinator X£ ss is nothing but the law of the process 
or x l a X a . 

2.2 Levy processes with finite variation paths 

We consider a Levy process with the following triplet (0, 0, A). We are interested here in the subclass 
of 9Jt satisfying 

A(R) = oo, (7) 
/ |s| dA(s) < +oo. (8) 

J\s\<l 

Condition (j8J) means that the corresponding Levy process has finite variation paths. 
Examples 

1. Stable process (S). Symmetric a-stable processes X^, with a £ (0,1), are the class of 
Levy processes whose characteristic exponents correspond to those of symmetric a-stable 
distributions. The corresponding Levy measure is given by 

dA s a (s) = (^-^1 {S<0} + _l_l {s>0} ^ ds. 

The characteristic exponent has the form 

&\s(u) = -\u\ a , u£R. 
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2. Tempered stable process (TS). It is well known that a-stable distributions, with a <E 
(0, 1), have infinite p-th. moments for all p > a. This is due to the fact that its Levy density 
decays polynomially. Tempering the tails with the exponential rate is one choice to ensure 
finite moments. The tempered stable distribution is then obtained by taking a symmetric 
a-stable distribution and multiplying its Levy measure by an exponential functions on each 
half of the real axis. In explicit 

/ e -\s\ e -s \ 

dAl s (s) = [ _ i _l { , <0} + _1 {S>0} 1 da. 

The characteristic exponent ^^ts is given by 

V A ts (u) = r(-a) [(1 - iu) a + (1 + iu) a - 2], uei 

The associated Levy process will be called tempered stable process and denoted by X^ s . 

3. Modified tempered stable process (MTS). 

The MTS distribution is obtained by taking an a-stable law with a € (0, 1/2) and multiplying 
the Levy measure by a modified Bessel function of the second kind on each side of the real 
axis. It is infinitely divisible and has finite moments of all orders. It behaves asymptotically 
like the 2a-stable distribution near zero and like the TS distribution on the tail. Then the 
Levy density is given by 



K a+ i is the modified Bessel function of the second kind given by the following integral 
representation 

K a+i ( S ) = -(-) / cxp (-t--)t-^dt. (9) 



2 \2J J \ At, 

The characteristic exponent has the form 

>F a mts{u) = —= 2-"-^ r(-a)[(l + u 2 ) a - 1], uei. 

The induced Levy process, denoted by X^ TS , will be called modified tempered stable process. 
For additional details on MTS distributions the reader may consult [2"U] . 

2.3 Levy process of infinite variation paths 

Finally, we would like to consider a subclass of 9Jt satisfying ([7]) and the following condition 

|s|dA(s) = oo. (10) 

s|<l 



G 



Examples 



1. Symmetric a-stable processes, tempered stable processes, with a € (1,2) and modified tem- 
pered stable processes, with a € (1/2, 1). 

2. Normal inverse Gaussian process (NIG). The NIG distribution was introduced in 
finance by Barndorff-Niclscn. It might be of interest to know that the NIG distribution is a 
special case of the generalized hyperbolic distribution, introduced also by Barndorff-Nielsen 
to model the logarithm of particle size, see references below. 

Let {X (t), t £ [0, 1]} be a Levy process with Levy measure given by 



where K\ is the modified Bessel function of the second kind with index 1. The characteristic 
exponent is equal to 



The process {X NIG (t), t G [0, 1]} is a Levy process with the triplet (0,0,A NIG ). 

For further results related to the normal inverse Gaussian distributions see Barndorff-Nielsen 
011] and Rydberg [21j[22]. 

We conclude this section with the following remark. 

Remark 2.3. All Levy processes considered before are such that: 

1. Their paths belong to the set of all eddlag functions, denoted by D([0, 1],R), i.e. all real-valued 
right continuous with left limits functions on [0, 1]. 

2. They are pure jump semimartingales processes without fixed times of discontinuity. 

3 Weak convergence and uniform tightness 

In this section at first we present a result on weak convergence of the above families in D([0, 1],R) 

endowed with the Skorohod topology J\, (ED, J\). This convergence will be denoted by On 
the other hand, since we will deal with continuous limit processes, we are interested in the tightness 

and weak convergence in the space D([0, 1],K) equipped with the uniform topology U, (ED,£/). We 

c 

will denoted them by "C-tight" and — V , respectively. Finally, after recalling the definition of the 
uniform tightness as well as a useful criterion, we prove that the processes considered satisfy this 
condition, cf. Propositions 13.101 and l3TTl below. 

3.1 Weak convergence in (B, J\) 

In this subsection we present the weak convergence in (B, J\ ) of the families of processes {X^ ss , a G 
(0, 1/2)} and {X^ ISS , a G (0, 1/2)}. We start with the following elementary lemma. 

Lemma 3.1. We have the following weak convergence of the one dimensional law: 



dA NIG (s) 



ifi(N) 

tt|s| 



ds 
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(i) X™ s (l) -A X 7 (l),a->0. 

(ii) X* tTS (l) -A X NIG (1), a->l/2. 

Proof. The result in (i) is a consequence of Proposition 6.3 in |25j . 

(ii) It is easy to see that the characteristic exponent <P a mts(1) converge to <^atig(1) when a goes 
to 1/2. This implies that X^ ITS (l) converge weakly to °X NIG (1). □ 

Proposition 3.2. We have the following weak convergence in (D,j7i).' 

(i) xl ss A X lr asa^O. 

(ii) x^ ITS ^X NIG , as a ->l/2. 

Proof. Since Levy processes are semimartingales with stationary independent increments, then it 
follows from [T3J Corollary 3.6] that the convergence of the marginal laws of X^ ss (l) and X^ TS (1) 
is equivalent to the weak convergence of processes X^ ss and X^ ITS in (D, J{). □ 

Now we are interested in the weak convergence of certain renormalization of pure jump subor- 
dinator. Let X be a subordinator with Levy measure A satisfying the conditions ©-(HJ and X e be 
the sum of its jumps of size in (0,e). Then the corresponding Levy measure A e is nothing but the 
restriction of A to (0, e]. We denote the expectation of X £ (l) by ^t(e) :— J*/ Q j sdA(s). We consider 
the renormalized process Y e := pi(e)~ 1 X £ and state the following convergence result proved in [5]. 

Proposition 3.3. The following statements hold, as e — > 0. 

(i) // fi(e)/e — > c, where < c < +oo, then Y s — > c~ 1 X* where X* is a pure jump subordinator 

with Levy measure given by dA*(s) = l( 0jl i(s)(c/s)(is. 

(ii) Ifn(e)/e -> +oo, thenY e At := {t,t € [0,1]}. 

Remark 3.4. Since Y e are Levy processes and the limit process in the statement (ii) is continuous, 
then it follows from \19\ Theorem 19] that the convergence holds also in (D,W) as follows 

(ii)' If n{e)/e -> +oo, then Y e — > t. 

We give some examples of Levy processes which illustrate the above proposition. 

1. Gamma process, fi(e)/e — > 1. 

2. Stable and tempered stable subordinators, a G (0, 1), /i(e)/e — > +oo. 
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3.2 Weak convergence in (D,W) 

In this subsection we are interested in the weak convergence of certain renormalizations of Levy 
processes. Let X be a Levy process with characteristic function of the form 

E(e iuX ^)=exp(ibu-~cu 2 + J + (e ms - 1 - ius l {M<1} (s)) dA{s)j 

where t £ [0, 1], u € K and the Levy measure A does not have atoms in some neighbourhood of the 
origin. For each e G (0, 1), let us consider X e the compensated sum of jumps of X taking values 
in (—£,£). It is well known that {X E , < e < 1} is a family of Levy processes with characteristic 
function 

E ( e iux c (t) j = exp ^ y ( e iu S _ i _ j us ) d A(s)^ , i € [0, 1] . 
It is clear that, for each e > 0, X e is a martingale with jumps bounded by e with E(X e (l)) = and 



E(X 2 (1)) = / s 2 dk(s) =: a\e). 

J\s\<s 

We consider the renormalization process Y e := <r(e)~ 1 X e and state the following convergence result 
due to Asmussen and Rosihski [2.. 

Proposition 3.5. The following are equivalent 

c 

1. Y e — > W as e — > 0, where W is a standard Brownian motion. 
o-(e) 

2. — — — >• oo as s — ^ 0. 

£ 

Remark 3.6. For each e € (0, 1), y e is a Levy process with characteristic function given by 



E(e iuYe( -^) = exp I t 



iub e + (e ius - 1 -msl {M < 1} (s)) dk e (s) ) , t £ [0,1], 

where the Levy measure A e is defined, for any B £ B(M), by 

A £ (B) := A(a(e)B n (-£, e)), (11) 

6 e := -o-(e)- 1 [ sdA(s). (12) 

We give some examples of Levy processes for which the above renormalization converge. 

1. Symmetric a-stable processes, a £ (0,2), a(e) — (2/(2 — a)) 1 / 2 e 1 ~ Q / 2 . 

2. Tempered stable processes, a £ (0, 1), a{e) > (2/(2 - a)) 1 / 2 £ 1 -«/ 2 e - e / 2 . 

3. Modified tempered stable processes, a £ (0, 1/2), cr(e) w (2/((2 - 2a)Ti)) 1 / 2 e 1 - a . 

4. Normal inverse Gaussian, a(e) w (2/7r) 1 / 2 e 1 / 2 . 

We notice that the examples 1. and 4. above were considered in [2]. 
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3.3 Uniform tightness of Levy processes 

First we recall the definition and criterion of the uniform tightness (UT) needed later on. The 
following definition was proposed by Jakubowski, Memin and Pages [14) . 

Definition 3.7. A sequence of semimartingales {Z n , n > 1} is said to be uniformly tight if for 
each t £ (0, 1], the set 

jjf H n (s-)dZ n (s),H n €H,n> lj 

is stochastically bounded (uniformly in n). 

In the above definition H denotes the collection of simple predictable processes of the form 

m 

H(t)=H +Y / H l Mu,U +l] (t), 

i=l 

where Hi is Tt -measurable such that \Hi\ < 1 and = to < . . . < t m +i = t is a finite partition of 
[0,*]. 

In practice it is not easy to verify the (UT) condition as stated in Definition 13.71 Thus we look 
for a more convenient criterion due to Kurtz and Protter [16] . Let Z be an adapted process with 
cadlag paths and {Z n , n £ N} be a sequence of semimartingales, with the canonical decompositions 

Z n {t) =M n (t)+A n (t), (13) 

where A n is a predictable process with locally bounded variation and M™ is a (locally bounded) 
local martingale. 

Proposition 3.8. [cf. U 6] // Assume that Z n Z and one of the following two conditions holds 

sup(Ef[M n ,M n ](l)+ / \dA n (t)\] } < +oo, (14) 

n£N IV Jo /J 

sup (e (sup | AM" (t) | + / |«M n (t)|H < +oo. (15) 

nGN I \t<l Jo ) ) 

Then {Z n ,nE N} satisfies (UT). 

c 

Remark 3.9. 1. If Z is a continuous semimartingale then we assume that Z n — > Z. 

2. The conditions \1J$ and H5\) imply the uniform controlled variation (UCV) of {Z n ,n G N} 
introduced in U6\j . 

3. Since Z n Z then the (UT) and (UCV) are equivalent, see JlSf - 

Next, we are interested in the decomposition (TIB")) for a Levy process Z. We start by splitting 
Z into two parts depending on the size of the jumps: 

Z(t) = R(t) + N(t) 
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with N(t) — J2s<t AZ(s) 1{|az(s)|>i} an d R with jumps bounded by 1. Since R is a Levy process 
with bounded jumps its canonical decomposition is, by means of [TJ pp. 103], of the simple form 
R(t) — Ro(t) + flE(i?(l)) where {Ro(t) :t£ [0, 1]} is a cadlag centred square-integrable martingale 
with jumps bounded by 1. Hence the decomposition (|13[) takes the form 



Z(t) = Ro(t) + m(R(l)) + AZ(s) 1 { |AZ( S )|>1}- (16) 

s<t 

Now we are able to state the main result of this subsection. 
Proposition 3.10. The following families satisfy (UT) 

(i) R TSS ,ae(0,l/2)}, 

(ii) {X** TS , a £ (0,1/2)}. 

Proof. Since the families {X^ ss , a £ (0,1/2)} and {X^ TS , a £ (0,1/2)} are weakly convergent, 



then in order to obtain the (UT) property, we have only to check condition (fT4|) of Proposition ^. 8 
(i) The decomposition (fT6|) for the process is given by 

Xl SS (t) = R^ s (t)+tE(R™ s (l))+Y,AX™ s TL {lAxrS{>1} . (17) 



s<t 



Thus, condition ([TJJ becomes 

sup ( f s 2 dAl ss (s) + [ + °° s dAl ss (s)) < +oo, 

ae(0,l/2) \Jo JO J 

which is simple to verify. 

(ii) It is easy to see that E(i?^ /TS (l)) = 0. Then the (UT) condition follows from 

sup ( f s 2 dAi ITS (s) + f \s\ dAi ITS (s)) < +oo. 

ae(0,l/2) \J|s|<l ^|s|>l J 

To show this we use the integral representation ()10|) for the Bessel function K a+ i/ 2 and estimate 
the above integrals as 

p + oo p+oo 2 

\s\ dA™ TS (s) = 2-"- 1 /2 / / s e~^e-H-^+ 3 ^dtds 
\>i Ji Jo 

r+oo 

= 2 x ' 2 - a / e-^h' a ~ x ' 2 dt 



ii 



< 5 2 1 / 2 -" / e^+^dt. 

J 1/4 



P p+oo 

/ s 2 dA^ TS ( s ) < 2 s 2 dA^ TS {s) 

J\s\<l Jo 



= v^2 1/2 - a r(i- tt ). 

This completes the proof. □ 
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Next we state the (UT) property for the renormalized families {Y e , e £ (0,1)} and {Y £ , e £ 
(0,1)}. 

Proposition 3.11. (i) Assume that /j,(e)/e converges in (0,+oo]. Then the renormalized family 
{Y ei e £ (0, 1)} satisfies (UT). 

(ii) Assume that Y £ — > W. Then the renormalized family {Y E , e £ (0,1)} satisfies (UT). 
Proof, (i) Since the process Y £ is a pure jump subordinator, then the condition (| 14[) becomes 

sup (e( f \dY e (t)\]\= sup E(F e (l)) = l. (18) 

ee(0,l) I V^O /J £6(0,1) 



So the (UT) condition is a consequence of Proposition [ 
(ii) First notice that, for each e £ (0, 1), Y e is a martingale with jumps bounded by e/a(e). Thus 
we obtain 

Efsup|Ay e (i)|) <-£t. 
\t<i J ^(e) 

As a consequence of statement 2 of Proposition 13.51 we have 



sup E sup|AY £ (i)| < oo, 

£6(0,1) \t<l / 

which implies that condition (fT5|) is satisfied. Since Y e is weakly convergent, then (UT) condition 
follows from Proposition 13.81 □ 

4 Stability of stochastic differential equation driven by Levy 
processes 

The previous section established the weak convergence and uniform tightness for certain families of 
Levy processes. Now we would like to apply these results to study the stability problem for SDEs 
driven by these families of Levy processes. For a survey on SDEs driven by Levy processes we refer 

to [5]. To begin, we give some notations useful in the sequel: for each n £ {2,3, . . .}, "-5-+" and 
"D™-tight" denote the weak convergence and tightness in D([0, 1],K™) endowed with the Skorohod 

C n 

topology. In the same way — ► and "C™-tight" denote the weak convergence and tightness for 
the uniform topology. 

4.1 The modified tempered stable case 

We will make the following assumptions 

(H.l) a a ,h a : R — > M are continuous such that |a Q (x)| + |/i a (x)| < K(l + \x\) for all a £ 
(0,1/2), x £ R. 

(H.2) The family a a (resp. h a ) converge uniformly to a (resp. h) on each compact set in R, as 
a -> 0. 
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We consider the following SDEs 

dY™ s (t) = a a {Yr S {t))dXl ss (t) + h a (Y™ s (t))dt, Yr S (0) = 0, (19) 

and 

dY(t) = a(Y(t))dX^(t) + h(Y(t))dt, Y(0) = 0. (20) 

Remark 4.1. 1. Under the assumption (H.l), for each a £ (0, 1/2), the equation M9\) admits 
a weak solution, see Jacod and Memin 

2. Since the coefficients a a and a are not Lipschitz, then we do not have uniqueness of solutions 
for either equation U9\) or equation i2U\ ). 

The first stability result concerns the class of tempered stable subordinators. 

Theorem 4.2. Under the assumptions (H.1)-(H.2) we have 

1. The family of processes (YJ SS ,X^ SS ) is B 2 -tight. 

2. Any limit point (Y, A 7 ) of the family (Y^ ss 7 X^ ss ) satisfies equation 

3. If uniqueness in law holds for the equation A20\) , then 



(Yr S ,Xr S )^(Y,X,), a^O. 

Proof. 1. At first we show that the family {Yj ss , a £ (0, 1/2)} verify the (UT) condition. Under 
assumption (H.l) and the uniform tightness of the family {X^ ss , a £ (0,1/2)} we can show, 
using a Gronwall type inequality (see [T^l Lemme 29-1]), that the family {sup s£ [ 01 ] \Yj ss (s)\, a £ 
(0,1/2)} is bounded in probability. Hence the family {sup sG [ \a a (Yj ss (s))\, a £ (0,1/2)} 
(resp. {sup sg [ 01 ] \h a (Yj ss (s))\, a £ (0,1/2)}) is also bounded in probability since a a (resp. h a ) 
has at most linear growth. Therefore it is easy to see that the family {J Q h a (Yj ss (t))dt, a £ 
(0,1/2)} satisfies the (UT) condition. On the other hand, the uniform tightness of the family 
{J a a (Yj ss (t))dX^ ss (t), a £ (0,1/2)} follows from [TO Lemme 1-6]. As a consequence we get 
the (UT) condition for the family {Y? ss , a £ (0, 1/2)}. 

On the next step we show that the family of processes (Yj ss , X^ ss ) is D 2 -tight. Since the 
function a a is continuous we can always find a sequence of C 2 functions, {a ai . n , n £ N}, which 
approximate uniformly a a on compact sets of R. Now let us consider the sequence of process Yj^ s 
defined by 

dYi s j(t) = a a , n (Yr s (t))dxr s (t) + h a (Yr s {t))dt, Y r s (o) = o. (21) 

As the function a a ^ n is of class C 2 then we get from [TjJ Lemme 1-7] that the family {a a ^ n (Y^ ss ), a £ 
(0, 1/2)} is uniformly tight. Now it follows from jTTJ Proposition 3-3] (see also [15]) that the family 
of processes (/ a aiTl (Yj ss (t))dX^ ss (t), X% ss ) is D 2 -tight and consequently (Yj^ s , X? ss ) is also 
D 2 -tight. It is simple to see that 



lim P 



sup\YH»(t)-Yr»(t)\>5 



= 



for all 5 > 0. Then we use again jTTJ Proposition 3-3] to obtain that the family of processes 
{Yj ss ,X^ ss ) isB 2 -tight. 

The proof of both assertions 2 and 3 is similar to the one of [HI Theoreme 3.5], therefore we 
omit it. □ 
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In a similar way we obtain an analogous stability result if we replace the processes X^ and 
X 1 in equations (fT9|) and (|20l) by X^f TS and X NIG respectively and assumption (H.2) by 

(H.2') The family a a (resp. h a ) converge uniformly to a (resp. h) on each compact set in R, as 
a -> 1/2. 

We state this in the following theorem. 
Theorem 4.3. Under the assumptions (H.l) and (H.2 1 ) we have 

1. The family of processes (Z^ ITS , X^ ITS ) with 

dZi ITS {t) = a a (Z™ TS (t)) dX™ TS (t) + h a {Z^ TS {t)) dt, Z™ TS (0) = 0, (22) 
is D 2 -tight. 

2. Any limit point (Z, X NI ) of the family (Z^f TS , X^ ITS ) satisfies equation 

dZ(t) = a{Z(t)) dX NIG (t) + h(Z(t)) dt, Z(0) = 0. (23) 

3. If uniqueness in law holds for equation V23]) , then 

(Z™ TS ,X™ TS )^(Z,X NIG ), a -> 1/2. 
4.2 The renormalized case 

Finally, we conclude the section presenting a stability result for SDEs driving by the renormalized 
families {Y £ , Y £ , e £ (0, 1)}. To do so, let us consider the following equations 

dZ £ (t) = a £ (Z £ (t))df £ (t) + h e (Z e (t))dY £ (t), Z e (0) = 0, (24) 

and 

dZ(t)=a(Z(t))dW(t)+h(Z(t))dt, Z(0) = 0, (25) 
Our stability result then is stated in the following theorem. 
Theorem 4.4. Assume that 

(i) h(e)/e — > +oo, s — > 0; 

(ii) f e A W, e 0; 

(iii) the families {Y £ , e € (0, 1)} and {Y £ , e € (0, 1)} are independent; 

(iv) the coefficients h £ , a £ and h, a satisfy the assumptions (H.1)-(H.2). 
Then we have 

1. The family {{Z £ , Y £ , Y £ ), e G (0, 1)} is C 3 -tight. 

2. Any limit point (Z, W,t) of the family (Z £ ,Y £ ,Y £ ) satisfies equation 
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3. If uniqueness in law holds for equation \25)) then 

(Z e ,Y e ,Y E )^(Z,W,t), e^O. 

Proof. First we know that {Y £ , e £ (0, 1)} (resp. {Y e , e £ (0, 1)}) is a family of increasing processes 
(resp. martingales) which converges to the continuous increasing process t (resp. to the contin- 
uous martingale W). Since the two families are independents, then we have the following weak 
convergence 

(y e ,y e )A(t,wo, e^o. 

Secondly, it is known that under (iv) equations and (1251) admit a weak solutions, see [TT1 
Theorem 1.8]. Using the fact that cr(e)/e — > oo as e — ► 0, we have 

f \s\dA e (s) = (a(e))- 1 f \s\dA(s) — > 0. 

«/|»|>l Jo-(e)<|s|<e 

Finally the assumption (H.l) is sufficient for the continuity in the Skorohod space, cf. [T5I 
Example 5.3]. So the assertions 1-3 follow from jT7] Theoreme 2.10]. □ 
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Abstract 

In this paper we investigate two variants of a-stable processes, namely tempered stable subordinators 
and modified tempered stable process as well as their renormalization. We study the weak convergence 
in the Skorohod space and prove that they satisfy the uniform tightness condition. Finally, applications 
to the a-dependence of the solutions of SDEs driven by these processes are discussed. 
Keywords: Levy processes, Uniform tightness, Skorohod space, Weak convergence, SDEs. 

1 Introduction 

In the last years, Levy processes have received a great deal of attention fuelled by numerous applications. 
First of all, we would like to mention the stochastic finance theory, one of the principal subjects is the 
capital asset pricing model where the security price is allowed to have jumps, both big and small. Another 
reason to use models with jumps still in finance is for example in the stock market the price does not change 
continuously but change by units; the mar ket is closed on weekends , holidays and opening prices often have 
jumps. We refer the interested reader to ICont and Tankovl (|2004T ) for an introduction to some financial 



models driven by Levy processes. Second, in electrical engineering it is known t hat the telephone noise is 



non-Gaussian and the noise is modeled by a Levy process. Indeed, the work of IStuck and Kleinerl (|1974l ) 
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proposes to model the telephone noise by a stable process as well as a Levy process with both jumps and 
a Wiener component. The latter model is suggested by the different sources of noise, specifically thermal 
noise corresponds to the Wiener part and the jump term comes from possibly thunderstorm. As a third 
example where a stochastic differential equation driven by a Levy process appears we mention the model of 
an infinite capacity dam subject to an additive input process and a general release rule. The dynamics of 
the content of the dam is given by 



dX t = r(X t )dt + dZ t 



(1) 



where Z is a Levy process with nonnegative increments, r(x) the release rate when the dam content is x. It has 
bee n suggested using empirica l data that the Levy measure of Z is the gamma measure, cf. Moran (1969), see 



also 



Protter and Talavl (jl997l) for the numerical schemes of such models. When Z stands for a NIG process 



Hainaut and MacGilchrist 



then e quation ([T]) was proposed as a generalized Hull- White model in finance, see 

(boiq). 

In this paper we study the a-dependence of the solutions of the stochastic differential equations (SDEs) 
driven by variants of a-stable processes. 

Firstly, we consider the classes of tempered stable subordinators X^ ss and modified tempered stable 
processes X^ ITS with a € (0, 1/2) and prove the weak convergence, in the Skorohod space endowed with 
the Skorohod topology, of X^ ss (resp. X^ TS ) to the gamma process when a — > (resp. the normal 
inverse Gauss i an pr ocess X NIG when a —> 1/2). The family {X^ ITS ,a € (0,1/2)} was considered in 
( 20091 ) to develop the GARCH option price model. We want also to point o ut that the 

Tsilevich et all (|200lh using other 



Rachev et al. 



weak convergence of X^ ss to the gamma process was first established in 
considerations. Indeed it is proved that the gamma process has been obtained as weak limit of renormalized 
stable processes. The family of the renormalized stable processes we identify as the family of tempered stable 
pr ocesses \Xjj , a £ (0,1/2)}, see Remark 12.21 below. Moreover, we would like also to mention the work 



of 



Rvdbera |1997) where an approximation of the NIG process, based on an appropriate discretization of 



the Levy measure, was discussed. In this paper, instead we use the modified tempered stable process as an 
approximation of the NIG process. 

The continuous dependence consists in investigating the conditions under which the solutions converge 
weakly. However, it is wel l known that the weak co nvergence is not sufficient to ensure the convergence 
of stochastic integral , see iKurtz and Protterl (|19961 ) and reference s there in. Among the sufficient condi- 
tions we cite the uniform tightness (UT), introduced by IStrickerl (|1985l ). It should be noted that this 
condition has been used extensively to esta blish the resu lt s of stability of st o chast ic differential equa- 
tions si nce its introduction see for example IJacodl (2004) 



(J1989)) , IKurtz and Protterl <| 19961 ) and iMemin and Slominskil (|199ll ) . Thus we show that both driven fam 



Jacod and Protterl (jl998l ). 



Jakubowski et al. 
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ilies {X^ ss , A* fT5 , a e (0,1/2)} satisfy the (UT) condition. This allows us to establish the continuous 
dependence result of SDEs driven by these families. 



Secondly, it is proven in 



Asmussen and Rosihskil ([20011 ) that the standard Brownian motion {W(t), t g 



[0, 1]} is obtained as a weak limit, in the Skorohod space equipped with the uniform metric, of a suitable 
renormalization of certain classes of Levy process which includes the family {X^ ITS , a € (0, 1/2}. More 
precisely, the Brownian motion W can be approximated by an appropriate renormalization of the compen- 
sated su m of small ju mps of a given Levy process, see Proposition 13.51 below. In the same spirit we mention 



the work 



Covol (|2009r ) which completes, in some sense the previous one, where it is shown that the process 



{t, t € [0, 1]} is a weak limit of a renormalized (in an appropriate sense) sum of small jumps of classes of 
subordinator. We note that the family {X^ SS , a € (0, 1/2} is among those classes. These two results lead 
us to consider the dependence problem of SDEs driven by these renormalized processes. The main tools we 
use to prove the continuous dep endence result are the uniform tightness of the renormalized families and the 
stability of SDEs established in lMemin and Slomihskil (|199lh . 



2 Levy processes and infinite divisibility 

We start by recalling a few well-known facts about infinitely divisible distributions. We consider a class of 
Borel measures on R satisfying the following conditions: 



A({0}) = 0, (2) 
(s 2 Al)dA(s) < oo. (3) 



Th is class will be den oted by 9Jt. 



De Finettil (| 19291 ) introduced the notion of an infinitely divisible distribution and showed that they 



have an intimate relationship with Levy processes. By the Levy-Kintchine formula, all infinitely divisible 
distributions F\ are described via their characteristic function: 

/+oo 
e mx dF A (x) =e*^ u \ «£l, 
-oo 

where the characteristic exponent is given as 

1 f + °° 

&a{u) = ibu - -cu 2 + / (e ms - 1 - ius l{| s |<i}(s)) cZA(s), 

2 J -oo 

where b € R, c > 0. 

We assume as given a filtered probability space (O, J 7 , P, (J r t)tE[o,i]) satisfying the usual hypothesis. A 
Levy process X = {X(t),t G [0, 1]} has the property 

E(e ioX W) = e m{u \ te [0,1], 
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where ty(u) is the characteristic exponent of X(l) which has an infinitely divisible distribution. Thus, any 
infinitely divisible distribution F\ generates in a natural way a Levy process X by setting the law of X(l), 
C(X(1)) — F\. The three quantities (&, c, A) determine the law C(X(1)). Since the distribution of a Levy 
process X — {X(t),t 6 [0,1]} is completely determined by the marginal distribution £(X(1)), and thus 
the process X itself completely. The measure A is called the Levy measure whereas (b, c, A) is called the 
Levy-Khintchine triplet. 

Let us now give some examples of Levy processes which will be used later on. We will present three 
classes related to the sample path properties. Namely subordinators, processes with paths of finite and 
infinite variations. 

2.1 Subordinators 

A subordinator is a one-dimensional increasing Levy process starting from 0. Subordinators form one of the 
simplest family of Levy processes. The law of a subordinator is specified by the Laplace transform of its one 
dimensional distributions. We assume throughout this paper that these processes have no drift. 
We consider a subclass in 9JI of measures supported on R+ satisfying the following 

A(0,oo) = oo, (4) 
sdA(s) < oo. (5) 



Any Levy measure A satisfying conditions Q and ([5]) generates a subordinator X, see for example (jBertoin 



19991 . Theorem 1.2). We can therefore give its Laplace transform 

ip A (u):=E(e- uX ^)^exp^ (e - "* - 1) dA(s)V uER+. 

Remark 2.1. (i) When X is a subordinator, the Laplace transform of its marginal distributions is much 
more useful, for both theoretical and practical applications, than the characteristic function. 

(ii) The assumption Op implies that the process X has infinite activity, that is, almost all paths have 
infinitely many jumps along any time interval of finite length. Whereas the condition {5p guarantees 
that almost all paths of X have finite variation. 

Examples 

1. Gamma process. Consider the Levy measure A 7 with density with respect to the Lebesgue measure 
defined by 

dAj(s) := — l{ s>0 yds. 
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Then the corresponding process is known as gamma process. A simple calculation shows that 

1 



^A-» = — 

and the Laplace transform of the corresponding process has the form 

E^ ( e -«^«) = exp (-tlog(l + u)) = 7—^, t G [0, 1]. 
Here /x 7 denotes the law of X 7 (l). 

2. Stable subordinator (SS). Let a G (0, 1) be given and let Af s be the Levy measure given by 

Then we have 

4>a{u) = exp(-w Q ) , 

and 

E M ss (e _uJC ° S(t) ) = exp(-tu a ) , t G [0, 1]. 
Here /xf s denotes the law of -X"f s (l). 

3. Tempered stable subordinator (TSS). A tempered stable subordinator is obtained by taking a 
stable subordinator and multiplying the Levy measure by an exponential function, that is, an expo- 
nentially tempered version of the stable subordinator. More precisely, for a G (0, 1), we consider the 
Levy measure 

dAl ss (s) := \e-dS* a (a) = f ^—^l { , >0} ds. (6) 

Then we have 

ip^Tss (u) = exp 

and 

E^ss (e-"^ SS W) = exp + , t G [0, 1]. 



Now let us give a concrete realization of a subordinator due to 



Tsilevich et al 



(|2Q0lh . We denote by 



D = ir? = Zj5 Xi , Xi G [0, 1], Zi G R+, |^| < ooj 



the real linear space of all finite real discrete measures in [0, 1]. We define the coordinate process {X(t), t G [0, 1]} 
on D by 

X(t) :D^R + , r)^X(t)(r)) :=r)(M, t G [0, 1] 
and JF t := a(X(s), s <t) denotes its own filtration. 



Let A be a Levy measure satisfying conditions Q and ([5]) and /iA be a probability measure on 
with Laplace transform given by 



exp 



f(t)d V (t) 



oxp [ J log(ijj A (f(t))dt 



Here / is an arbitrary non-negative bounded Borel function on [0, 1]. In particular, when /(s) = ul[ 0; t](s), 
u > 0, t £ (0, 1] the Laplace transform of X(t) is given by 

IE MA (e- uX(t) ) = cxp(ilog(^ A ( U ))), te [0,1]. 

We call the pair (X, n \) a realization of a Levy process with Levy measure A which is a subordinator, cf. 



(Tsilcvich et al. 



2001 



Remark 2.1). 

Now we would like to highlight the link between tempered stable and stable subordinators. First of all 
it follows from © that the Levy measures A^ ss and Af s are equivalent. Then we obtain fr om ( Sato 



Tsilevich et al 



Theorem 33.1) that and X TSS have equ ivalent laws wit h dens it y given in ( Sato 
see ([7]) below. We notice that the authors in 



Vershik and Yor 



1999 



1999, Theorem 33.2), 



1995T ) constructed a 



family of measures, equivalent to a-stable laws with given densities which converges weakly to the gamma 
measure. This is the content of the following remark. 



Remark 2.2. Let X a be a process such that the law fi a := C(X a (l)) is equivalent to with density 



dji a , . exp(-a- 1 / Q X(l)(r?)) 
— ss W = 



d/x| sv ' y E^ss (exp(-a- 1 /«X(l)(^))) 
Then the law of the tempered stable subordinator X^ ss is nothing but the law of the process a~ 1 / a X a . 



2.2 Levy processes with finite variation paths 

We consider a Levy process with the following triplet (0,0, A). We are interested here in the subclass of 9Jt 
satisfying 



A(R) = oo, 

/ |s| dk{s) < +oo. 
7isi<i 



(8) 
(9) 



Condition ^ means that the corresponding Levy process has finite variation paths. 



Examples 

1. Stable process (S). Symmetric a-stable processes X^, with a S (0,1), are the class of Levy pro- 
cesses whose characteristic exponents correspond to those of symmetric a-stable distributions. The 



G 



corresponding Levy measure is given by 

dAf (s) = (j^^{ s<0 } + ^1{ S >0}^ *»• 
The characteristic exponent has the form 

&a.s(u) = -\u\ a , iiel. 

2. Tempered stable process (TS). It is well known that a-stable distributions, with a € (0, 1), have 
infinite p-th moments for all p > a. This is due to the fact that its Levy density decays polynomially. 
Tempering the tails with the exponential rate is one choice to ensure finite moments. The tempered 
stable distribution is then obtained by taking a symmetric a-stable distribution and multiplying its 
Levy measure by an exponential functions on each half of the real axis. In explicit 



d^l S (s) = ( 7^TtU{s<o} + ^!{ S >o} ) da. 



The characteristic exponent !?ats is given by 

V a ts (u) = r(-a) [(1 - iu) a + (1 + iu) a - 2] , iiel. 
The associated Levy process will be called tempered stable process and denoted by X^ s ■ 

3. Modified tempered stable process (MTS). 

The MTS distribution is obtained by taking an a-stable law with a € (0, 1/2) and multiplying the 
Levy measure by a modified Bessel function of the second kind on each side of the real axis. It is 
infinitely divisible and has finite moments of all orders. It behaves asymptotically like the 2a-stable 
distribution near zero and like the TS distribution on the tail. Then the Levy density is given by 

dA MT S(s) i f ^±m t , Mw t \ ds 

K a +i_ is the modified Bessel function of the second kind given by the following integral representation 

1 /S\ a + i f + °° ( S 2 \ 3 

=2 Gi) I ^ (10) 
The characteristic exponent has the form 

>p A mts(u) = -=2 -a- *r(-a)[(i + u 2 ) a - 1], ue E. 

The induced Levy process, denoted by X^ ITS , will be called modified tempered st able process. For 



additional details on MTS distributions the reader may consult 



Rachev et al. 



(2009) 
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2.3 Levy process of infinite variation paths 

Finally, we would like to consider a subclass of 9H satisfying ([5]) and the following condition 



s\<l 



\s\ dA(s) = oo. 



(11) 



Examples 



1. Symmetric a-stable processes, tempered stable processes, with a g (1,2) and modified tempered stable 
processes, with a £ (1/2, 1). 

2. Normal inverse Gaussian process (NIG). The NIG distribution was introduced in finance by 
Barndorff-Nielsen. It might be of interest to know that the NIG distribution is a special case of the 
generalized hyperbolic distribution, introduced also by Barndorff-Nielsen to model the logarithm of 
particle size, see references below. 

Let {X NIG (t), t 6 [0, 1]} be a Levy process with Levy measure given by 

dA N IG{s) = ^l dSj 

n\s\ 

where K\ is the modified Bessel function of the second kind with index 1. The characteristic exponent 
is equal to 

if A NiG (u) = (l - v 7 ! + u 2 ) ,u6l. 

The process {X NIG (t), t € [0, 1]} is a Levy process with the triplet (0, 0, A NIG ). 
For further results related to the normal inverse Gaussian distributions see 



1998) and 



Rvdbertd (1997 



1999) 



Barnd orff-Nielsen (1997 



We conclude this section with the following remark. 

Remark 2.3. All Levy processes considered before are such that: 

1. Their paths belong to the set of all cadlag functions, denoted by B([0, 1],K), i.e. all real-valued right 
continuous with left limits functions on [0, 1]. 



2. They are pure jump semimartingales processes without fixed times of discontinuity. 



3 Weak convergence and uniform tightness 

In this section at first we present a result on weak convergence of the above families in B([0, 1],K) endowed 
with the Skorohod topology J\, (B, J\). This convergence will be denoted by On the other hand, 
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since we will deal with continuous limit processes, we are interested in the tightness and weak convergence in 

the space B([0, 1], R) equipped with the uniform topology U, (D, IX). We will denoted them by "C-tight" and 

c 

" — )r \ respectively. Finally, after recalling the definition of the uniform tightness as well as a useful criterion, 
we prove that the processes considered satisfy this condition, cf. Propositions 13. 101 and [3TTT1 below. 

3.1 Weak convergence in (D, J\) 

In this subsection we present the weak convergence in (ID), J{) of the families of processes {X^ SS ', a S (0, 1 /2)} 
and {X^ ISS , a £ (0, 1/2)}. We start with the following elementary lemma. 

Lemma 3.1. We have the following weak convergence of the one dimensional law: 

(i) X? ss (l) A X 7 (l),a->0. 

(ii) X™ TS {1) A X NIG (l), a ->l/2. 



Proof. The result in (i) is a consequence of Proposition 6.3 in lTsilevich et al\ (|2001l) . 

(ii) It is easy to see that the characteristic exponent Plaits (1) converge to ^ N/G (l) when a goes to 1/2. 
This implies that X* ITS (l) converge weakly to X NIG (l). □ 

Proposition 3.2. We have the following weak convergence in (O, J\): 

(i) X T a ss A X 7 , asa^O. 

(ii) X^ TS A X w/G , a S a -> 1/2. 

Proof. Since Levy processes are semimartingales with stationary independent increments, then it follows 



from (jJacod and Shirvaev 



2003, Corollary 3.6) that the convergence of the marginal laws of X^ bb (l) and 



X-a (1) i s equivalent to the weak convergence of processes X^ bb and X^f m (®; <^i)- C 

Now we are interested in the weak convergence of certain renormalization of pure jump subordinator. 
Let X be a subordinator with Levy measure A satisfying the conditions ([!])- © and X e be the sum of its 
jumps of size in (0,e). Then the corresponding Levy measure A e is nothing but the restriction of A to 
(0, e]. We denote the expectation of X £ (l) by fi(e) := f, Q £ i sdA(s). We conside r the renormalized process 



Y E := fi(e)~ 1 X e and state the following convergence result proved in ICovol (|2009). 
Proposition 3.3. The following statements hold, as e — » 0. 

(i) If )i{e) / E — > c, where < c < +oo, then Y e c~ 1 X* where X* is a pure jump subordinator with Levy 
measure given by dA*(s) — U( ,i](s)(c/s)<is. 
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(ii) If n(e)/e -> +00, then Y £ -A t := {<, i G [0, 1]}. 

Remark 3.4. Since Y £ are Levy processes and the limit process in the statement (ii) is continuous, then it 
follows from \Pollara , \198A . Theorem 19) that the convergence holds also in (J$,U) as follows 



(ii)' If /Lt(e)/e — > +00, thenY £ — > t. 

We give some examples of Levy processes which illustrate the above proposition. 

1. Gamma process, /i(e)/e — > 1. 

2. Stable and tempered stable subordinators, a G (0, 1), /i(e)/e — > +00. 



3.2 Weak convergence in (D,U) 

In this subsection we are interested in the weak convergence of certain renormalizations of Levy processes. 
Let X be a Levy process with characteristic function of the form 

E( e iuX W) = exp(t(ibu-^cu 2 + J + {e lus - 1 - ius l {H<1} (s)) dA(s)\ 

where t G [0, 1], u € R and the Levy measure A does not have atoms in some neighbourhood of the origin. 
For each e € (0, 1), let us consider X e the compensated sum of jumps of X taking values in (— e,e). It is 
well known that {X £ , 0<£<l}isa family of Levy processes with characteristic function 

E ( e iuX.(t)) =exp LJ^ ( e i«s _ i _ ius J dA (s)^J , t 6(0,1]. 

It is clear that, for each e > 0, X e is a martingale with jumps bounded by e with E(X e (l)) = and 



E(X|(1)) = / S 2 dA( S ) =: a\s). 

J\s\<e 

We consider the renormalizati on process Y £ :~ a(e)~ 1 X e and state the following convergence result due to 
Asmussen and Rosihskil (|200lh . 



Proposition 3.5. The following are equivalent 

c 

1. Y £ — > W as e — > 0, where W is a standard Brownian motion. 
a(s) 



2. 



00 as e — > 0. 



Remark 3.6. For each e G (0, 1), Y £ is a Levy process with characteristic function given by 



iub £ + / (e ius - 1 - msl{| s |<i}(s)) dA £ (s) 



> t 6 [0, 1] 
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where the Levy measure A e is defined, for any B £ B(M), by 

A £ (B) :=A(tr(e)fln(-e,e)), 

and 



b e := -a(e)- 1 / sdA(s). 

Ja(e)/\e<\s\<e 

We give some examples of Levy processes for which the above renormalization converge. 

1. Symmetric a-stable processes, a £ (0, 2), a(e) = (2/(2 — a)) 1 / 2 e 1_ " / ' 2 . 

2. Tempered stable processes, a £ (0, 1), cr(e) > (2/(2 - a)) 1 / 2 e 1 " Q! / 2 e" e/2 . 

3. Modified tempered stable processes, a £ (0, 1/2), cr(e) « (2/((2 - 2a)7r)) 1 / 2 e 1 - Q . 

4. Normal inverse Gaussian, o-(e) s» (2/tt) 1 ' 2 s: 1 ' 2 . 
We notice that the examples 1. and 4. above were considered in lAsmussen and Rosihskil (|200l[ ) 



(12) 



(13) 



3.3 Uniform tightness of Levy processes 

First we recall the definiti on and criterion o f the u niform tightness (UT) needed later on. The following 



definition was proposed by 



Jakubowski et al 



(1989). 



Definition 3.7. A sequence of semimartingales {Z n , n > 1} is said to be uniformly tight if for each t € (0, 1], 
the set 

|jf H n (s_)dZ n (s),H n eH,n> l| 
is stochastically bounded (uniformly in n). 

In the above definition T~L denotes the collection of simple predictable processes of the form 

m 

H(t) = H + J2Hit (ti , u+1 ](t), 

i=l 

where Hi is T ti -measurable such that < 1 and — t < . . . < t m+ i — t is a finite partition of [0, t\. 
In practice it is not easy to verify the (UT) condition as stated in Definition 13.71 Thus we look for a 



more convenient criterion due to 



Kurtz and Protterl (| 1996T) . Let Z be an adapted process with cadlag paths 



and {Z n ,n £ N} be a sequence of semimartingales, with the canonical decompositions 

Z n {t) = M n (t)+A n (t), 



(14) 



where A n is a predictable process with locally bounded variation and M n is a (locally bounded) local 
martingale. 
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Proposition 3.8. [cf. \Kurtz and Protten 1)996)] Assume that Z n 
conditions holds 



Z and one of the following two 



su P (e f[M n ,M n ](l) + f \dA r 

su P (e fsup|AM n (t)| + / \dA n ( 
n£N L \t<i Jo 



< +00, 



l (t)\ I } ■: +'X. 

Vt<l 

Then {Z n ,n £ N} satisfies (UT). 
Remark 3.9. 1. If Z is a continuous semimartingale then we assume that Z ri 



(15) 



(16) 



Z. 



2. T he conditions \15\) and [Tb)) imply the uniform controlled variation (UCV) of{Z n ,n € N} introduced 



Kurtz and Protten \l99a ). 



3. Since Z n — > Z then the (UT) and (UCV) are equivalent, see Kurtz and Prottei (1996 ) 



Next, we are interested in the decomposition (114)) for a Levy process Z. We start by splitting Z into two 
parts depending on the size of the jumps: 

Z(t) = R(t) + N(t) 

with N(t) = 2 s <t AZ(s) 1{|az(s)|>i} an d R with jumps bounded by 1. Sin ce R is a Levy process with 
bounded jumps its canonical decomposition is, by means of ( Applebaum . 2OO4I pp. 103), of the simple form 
R(t) = Ro(t) + tE(R(l)) where {Ro(t) : t € [0, 1]} is a cadlag centred square-integrable martingale with 
jumps bounded by 1. Hence the decomposition (|14[) takes the form 



Z(t) = R a (t) + m(R(l)) + AZ(«) 1 { |ax (s )|>i} 



(17) 



s<t 

Now we are able to state the main result of this subsection. 
Proposition 3.10. The following families satisfy (UT) 

(i) {Xr S ,ae(0,l/2)}, 

(ii) {ir s ,«e(0,i/2)}. 

Proof. Since the families {X^ ss , a £ (0, 1/2)} and {X^ ITS , a £ (0, 1/2)} are weakly convergent, then in 
order to obtain the (UT) property, we have only to check condition (fT5")) of Proposition [ 
(i) The decomposition (IT7l) for the process X^ ss is given by 



(18) 
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sup ( f s 2 dAl ss {s) + ( + s dAl ss (s)\ < +00, 

£(0,1/2) WO JO ) 



Thus, condition (1151) becomes 

el r+°° 
q£(0,1/2) V^O 

which is simple to verify. 

(ii) It is easy to see that E(i?* fT5 (l)) = 0. Then the (UT) condition follows from 

sup ( f s 2 dAi ITS (s) + [ \s\ dAi ITS (s)) < +00. 

ci£(0,l/2) yj|s|<l J\s\>l J 

To show this we use the integral representation (ITT1) for the Bessel function K a+1 / 2 and estimate the above 
integrals as 

OO /> + 00 2 

e-^e-H- (a+3/2) dtds 



/ \s\ dA™ TS {s) = 2— 1 /2 / / 

J\s\>\ Jl JO 



•S 



r+00 

= 2 1 ' 2 - a / e-^H-^^dt 



ii 



< 5 2 x l 2 ' a \ e^+^dt. 
J 1/4 



/ s 2 dAi ITS (s) < 2 / s 2 dA*J TS (s) 

J\s\<l Jo 



<\s 

= ^^rfl-a). 

This completes the proof. □ 

Next we state the (UT) property for the renormalized families {Y e . e £ (0, 1)} and {Y e , e £ (0, 1)}. 

Proposition 3.11. (i) Assume that /i(e)/e converges in (0,+oo]. Then the renormalized family {Y e , e £ 
(0, 1)} satisfies (UT). 

(ii) Assume that Y E — > W . Then the renormalized family {Y e , e £ (0, 1)} satisfies (UT). 
Proof, (i) Since the process Y £ is a pure jump subordinator, then the condition (|1 5|) becomes 



sup {e( [ \dY e (t)\)}= sup E(y e (l)) = l. 

e£(0,l) I \Jo /J e£(0,l) 



(19) 

£6(0,1) 

So the (UT) condition is a consequence of Proposition 13.81 

(ii) First notice that, for each e £ (0, 1), Y e is a martingale with jumps bounded by e/a{e). Thus we obtain 

EfsuplAH^f) < -fv 
\t<i J cr(e) 
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As a consequence of statement 2 of Proposition 13 . 51 we have 



sup E sup|AF e (t)| < oo, 
£6(0,1) Vt<i / 

which implies that condition (fTBJ) is satisfied. Since Y e is weakly convergent, then (UT) condition follows 
from Proposition 13. 81 □ 



4 ^-Continuity of SDEs driven by Levy processes 

The previous section established the weak convergence and uniform tightness for certain families of Levy 
processes. Now we would like to apply these results to study the continuous dependence problem for SDEs 
driven by these families of Levy processes. For a survey on SDEs driven by Levy processes we refer to 



Bass 



(|2004l ). To begin, we give some notations useful in the sequel: for each n G {2, 3, . . .}, " — and "©"-tight" 

denote the weak convergence and tightness in D([0, 1],R") endowed with the Skorohod topology. In the same 

c* 1 

way " — ► and "C n -tight" denote the weak convergence and tightness for the uniform topology. 

4.1 The modified tempered stable case 

We will make the following assumptions 

(H.l) a a , h a : M — > M arc continuous such that |a (x)| + \h a (x)\ < K(l + \x\) for all a £ (0, 1/2), x G K. 
(H.2) The family a a (resp. h a ) converge uniformly to a (resp. h) on each compact set in M, as a — > 0. 
We consider the following SDEs 

dYr S {t) = a a {Yr S {t-))dXl ss {t) + h a (Yr S (t))dt, Yr S (0) - 0, (20) 



and 



dY{t) = a(Y(t-))dX^(t) + h(Y(t))dt, Y(0) = 0. (21) 



Remark 4.1. 1. Under the assumption (H.l), for each a G (0,1/2), the equation \20\) admits a weak 



solution, see 



Jacod and Memin 



ml)- 



2. Since the coefficients a a and a are not Lipschitz, then we do not have uniqueness of solutions for either 
equation i2(fy or equation \21\) . 

The first a-continuity result concerns the class of tempered stable subordinators. 

Theorem 4.2. Under the assumptions (H.1)-(H.2) we have 
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1. The family of processes (Yj ss ,X£ SS ) is D 2 -tight. 

2. Any limit point (Y,X 7 ) of the family (Y^ ss , X^ ss ) satisfies equation S21\) . 

3. If uniqueness in law holds for the equation i21\) , then 



Proof. 1. At first we show that the family {Y^ ss , a £ (0, 1/2)} verify the (UT) condition. For that we 
need to prove that the family {sup sG [ ji \Y£ (s)|, a G (0, 1/2)} is bounded in probability. Indeed, as Y^ ss 
satisfies the equation (I2TJ1) then, for t e [0, 1], we have 



Y™ s (t) = [ t a a (Yr S (s-))dXr S (-s)+ fh a (Yr S {s))ds. 
Jo Jo 



(22) 



The set {i : Yj ss (t) ^ Yj SS (*-)} is countable and so far it is Lebesgue negligible. Owing to this fact we 
may replace h a (Yj ss '(f)) by h a (Yj ss '(*_)) in the right-hand side of (|2"2"j) and obtain 

Y?"S(t)= [ t a a (Yr S (s-))dXr S (-s)+ fh a {Yr S ( S -))d S . 
Jo Jo 

Using assumption (H.l) we get 

\Yj ss (t)\ <K f\l + \Yr S (s-)\)d{s + Xr S ( S )}, Vie [0,1]. 
Jo , , , , 



It follows from a Gronwall type inequality, see (|Protter 



2005 



pp. 352), that 



\Y^ b (t)\<KeMt + X^(t)), Vie [0,1]. 



Now since X^ is increasing it yields 



sup \Y^ b (t)\<KeM^+Xi bb a))- 

te[o,i] 

We infer the boundedness in probability of the family {sup s£ [ ji \Y^ ss (s)\, a e (0, 1/2)} from the bounded- 
ness in probability of the the family {X^ ss (l), a e (0, 1/2)} which is a c o nsequ enc e of the uniform tightness 



Jakubowski et al 



f|l989h or 



Stricken (1985) 



of the family {X™, a e (0, 1/2)}, see Lemma 1.2 of 

Hence the family {su Pse[M \a a (Y^ ss ( S ))|, a e (0,1/2)} (resp. {sup s6[04] \h a (Y£ ss (s))\, a e (0,1/2)}) 
is also bounded in probability since a a (resp. h a ) has at most linear growth. Therefore it is easy to see that 
the family {J„ h a (Yj ss (t))dt, a e (0,1/2)} satisfies the (UT) condition. On the other hand, the uniform 



tightness of the family { J Q a a (Yj ss (t))dX^ ss (t), a e (0,1/2)} follows from (|Ms 

min and S lomihski. 

Lemme 1-6). As a consequence we get the (UT) condition for the family {Y^ ss , a e (0, 1/2)}. 



1991 
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On the next step we show that the family of processes (Y^ ,X£ S ) is D 2 -tight. Since the function a a 
is continuous we can always find a sequence of C 2 functions, {a Qj „, n £ N}, which approximate uniformly 
a a on compact sets of K. Now let us consider the sequence of process Yj^ s defined by 



<f(t) = a a , n (Y^(t^)dX^(t) + h a (Y^(t))dt, Y?»*(0) = 



(23) 



As the function a Qj „ is of class C 2 then we get from (jMemin and Slomihski 



1991 



Lemme 1-7) th at the family 



Wa.n(Yj ss ), a g (0, 1/2)| is uni f ormly tight. Now it follows from (jMemin and Slomiriskil . ll991l Proposition 
3-3) (see also Kurtz and Protterl (|1991l )) that the family of processes (J Q a a ^ n (Yj ss (t))dX^ ss (t), X? ss ) is 



-tight and consequently {Yan S > X^ ss ) is also D 2 -tight. It is simple to see that 



lim P 

n— f oo 



S up\Y^(t)-Y^(t)\>6 
t<i 



for all S > 0. Then we use again (jMemin and Slomiriski , 
processes (Y^ ss , X^ ss ) is D 2 -tight. 



1991 



Proposition 3-3) to obtain that the family of 



The proof of both assertions 2 and 3 is similar to the one of (jMemin and Slomihski 
therefore we omit it. 



1991 



Theoreme 3.5), 
□ 



We now turn to an example of equation (j2Tj) . for which there is no uniqueness in law. 
Example 4.3. We consider the following equation 

dY{t) = dXM) + h{Y(t))dt, F(0) = 0, 



(24) 



where h is bounded continuous and equal to sign(a;)|x|' 3 in some neighborhood of x — for certain positive 
constant j3 < 1. 

This example is inspired by the work of of 



Tanaka et al 



191 A), who treats the problem of uniqueness 



of the equation [2$ with the symmetric stable process instead of the gamma process. Precisely, the authors 
show that the equation \21$ , with the drift h given above, does not admit the uniqueness property. The key of 
the proof is the asymptotic rate of growth of the sample paths of the symmetric stable process at the origin. 
In our case the gamma process satisfies the following short time behavior 

X^t) 



lim , , 



= a.s. 



(25) 



which is a consequence of the finiteness of / A 7 [t 1 ^ 1 ^,+oo) dt, s 



is sufficient to show non-uniqueness proceeding along the lines as in 



Bertoin 



1996) 



Tanaka et al 



Said [132$ ). This 



191 A) . Theorem 3.2. 



In a similar way we obtain an analogous a-continuity result if we replace the processes X TSS and X 7 in 
equations (j20| and (j2Tj) by X^f TS and X NIG respectively and assumption (H.2) by 
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(H.2') The family a a (resp. h a ) converge uniformly to a (resp. h) on each compact set in R, as a — > 1/2. 

We state this in the following theorem. 
Theorem 4.4. Under the assumptions (H.l) and (H.2 1 ) we have 

1. The family of processes (Z^ ITS , X^ ITS ) with 

dZ^ TS {t) = a a {Z™ TS {t-)) dX™ TS {t) + K{Z™ TS {t)) dt, Z^ TS (0) = 0, (26) 

is D 2 -tight. 

2. Any limit point (Z, X NI ) of the family (Z^ ITS , X^ ITS ) satisfies equation 

dZ(t) = a{Z(tJj) dX NIG (t) + h(Z(t)) dt, Z(0) = 0. (27) 

3. If uniqueness in law holds for equation then 

{Z MTS^ X MT S) ^ {Z ^ x N IG)t a ^ 1/2 _ 

4.2 The renormalized case 

Finally, we conclude the section presenting a e-continuity result for SDEs driving by the renormalized families 
{Y e , Y e , e £ (0, 1)}. To do so, let us consider the following equations 

dZ s (t) = a e (Z e (t-)) dY s (t) + h e (Z e (t))dY e (t), Z e (0) = 0, (28) 

and 

dZ{t) = a{Z(t))dW{t) + h(Z(t))dt, Z(0)=0, (29) 
Our result then is stated in the following theorem. 
Theorem 4.5. Assume that 

(i) n(s)/e — > +oo, e — > 0; 

(ii) % A W, e -> 0; 

(iii) the families {Y £l e € (0, 1)} and {Y e , e £ (0, 1)} are independent; 

(iv) the coefficients h e , a e and h, a satisfy the assumptions (H.1)-(H.2). 
Then we have 

1. The family {(Z £ ,Ye,Y £ ), e € (0, 1)} is C 3 -tight. 
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2. Any limit point (Z, W,t) of the family (Z E ,Y e ,Y £ ) satisfies equation 1 29(1 . 

3. If uniqueness in law holds for equation i29\) then 

(Z e ,Y e ,Y s )^(Z,W,t), e^O. 

Proof. First we know that {Y £ , e £ (0,1)} (resp. {Y e , e £ (0,1)}) is a family of increasing processes 
(resp. martingales) which converges to the continuous increasing process t (resp. to the continuous martingale 
W). Since the two families are independents, then we have the following weak convergence 

(Y e ,Y e )A(t,W0, e^O. 



1981 



Secon dly, it is known that under (iv) equations ([28)1 and (j2l?)) admit a weak solutions, see (jJacod and Memin 
Theorem 1.8). Using the fact that a(e)/e — > oo as e —> 0, we have 



\s\dA £ (s) = ((7(e))- 1 / \s\dA(s) — > 0. 

s|>l J a(s)<\s\<£ 



Finally the assumption (H.l) is sufficient for the con tinuity in the Skorohod space , cf. (jKurtz and Prottei 



1991 



Example 5.3). So the assertions 1-3 follow from (jMemin and Slomihski 



1991 



Theoreme 2.10). □ 
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